We define a kind of heat engine via three-dimensional charged BTZ black holes. This case is quite subtle and needs to be more careful. The heat flow along the isochores does not equal to zero since the specific heat C V = 0 and this point completely differs from the cases discussed before whose isochores and adiabats are identical. So one cannot simply apply the paradigm in the former literatures. However, if one introduces a new thermodynamic parameter associated with the renormalization length scale, the above problem can be solved. We obtain the analytical efficiency expression of the three-dimensional charged BTZ black hole heat engine for two different schemes. Moreover, we double check with the exact formula. Our result presents the first specific example for the sound correctness of the exact efficiency formula. We argue that the three-dimensional charged BTZ black hole can be viewed as a toy model for further investigation of holographic heat engine. Furthermore, we compare our result with that of the Carnot cycle and extend the former result to three-dimensional spacetime. In this sense, the result in this paper would be complementary to those obtained in four-dimensional spacetime or ever higher. Last but not the least, the heat engine efficiency discussed in this paper may serve as a criterion to discriminate the two thermodynamic approaches introduced in Ref. [29] and our result seems to support the approach which introduces a new thermodynamic parameter R = r 0 .
Introduction
Viewing the cosmological constant Λ as a variable [1] - [6] and identifying it as the thermodynamic pressure, the extended phase space thermodynamics [4] of black holes have attracted extensive attention in recent years. Probing black hole thermodynamics in the extended phase space is of great physical significance [7] . Firstly, one can take into consideration more fundamental theories which admit the variation of physical constants. Secondly, the Smarr relation is in accordance with the first law of thermodynamics under this frame. Thirdly, the mass of the black hole can be identified as enthalpy rather than internal energy [2] . In the extended phase space, not only the analogy between black holes and van der Waals liquid-gas system has been enhanced [8] , but also novel phenomena such as reentrant phase transition [7, 9, 10] and triple point [9, 11, 12] have been reported for black holes. For more details, one can read the most recent review [13] and references therein.
With both the thermodynamic pressure and volume defined in the extended phase space, Johnson creatively introduced the traditional heat engine into black hole thermodynamics [14] . This is a natural but rather amazing proposal since the heat engines allow us to extract useful mechanical work from heat energy. Moreover, such heat engines may have interesting holographic implications because the engine cycle represents a journal through a family of holographically dual large N field theories [14] . It was argued that changing Λ involves not only the change of the N of the dual theory [14] but also the change of the size of the space on which the field theories live [15] . The pioneering work of Johnson was soon generalized to Gauss-Bonnet black holes [16] , Born-Infeld black holes [17] , Kerr AdS black holes [18] , higher-dimensional black holes [19] and other interesting aspects [20] [21] [22] [23] [24] [25] .
In this paper, we would like to extend the heat engine research to lower-dimensional spacetime, which, to the best of our knowledge, has not been covered in literature yet. Specifically, we will use the charged BTZ black holes [26, 27] to construct our heat engine. It seems to be a trivial task at first glance since it was reported that charged BTZ black holes do not exhibit any critical behavior [7] . However, we will show that as for heat engine, this spacetime is quite subtle and needs to be more careful or else one will easily make mistakes. Moreover, exploring the properties of heat engine in lower-dimensional spacetime is of strong motivations. On the one hand, lower-dimensional theories of gravity have gained renewed interest since an effective two-dimensional Planck regime is supported by many evidence. It was suggested recently the physics of quantum black holes may be effectively lower-dimensional [28] . Owing to the fact that it can be formulated as a ChernSimon theory, 3D gravity has become paradigmatic for understanding general features of gravity. For lower-dimensional black holes in the extended phase space, attention has been focused on their critical behavior [7] , the connections between black hole thermodynamics and chemistry [29] , two-dimensional dilaton gravity [30] respectively. On the other hand, the charged BTZ black hole may serve as a toy model to investigate the heat engine. It is hoped that one can obtain analytic expression of the heat engine efficiency of the charged BTZ black hole, thus providing us the first example to examine the exact efficiency formula proposed in Ref. [24] . Furthermore, the result in this paper would be complementary to those obtained in four-dimensional spacetime [14] or ever higher [19] .
The organization of this paper is as follows. Review of the thermodynamics of charged BTZ black holes will be presented in Sec.2 . Then we will view the three-dimensional charged BTZ black hole as heat engine and investigate its efficiency in Sec.3. In the end, discussions will be presented in Sec.4 and a brief conclusion will be drawn in Sec.5.
A brief review of the thermodynamics of charged BTZ black holes
The charged BTZ black hole solution and the gauge field read [7, 27, 29] 
where
The Hawking temperature and the entropy have been obtained as [29] 
3)
Note that r + is the horizon radius which can be determined by the largest root of the equation f (r + ) = 0. Identifying the cosmological constant as the thermodynamic pressure through the definition P = − Λ 8π = 1 8πl 2 , Ref. [7] derived the equation of state as
where v = 4r + . Based on the equation of state, Ref. [7] argued that the charged BTZ black holes do not exhibit any critical behavior. The computation of the mass is quite problematic due to the asymptotic structure of the black hole solution. Ref. [31] obtained a renormalized black hole mass M 0 (r 0 ) by enclosing the system in a circle of radius r 0 and taking the limit r 0 → ∞ whilst keeping the ratio r/r 0 = 1. This mass can be interpreted as the total energy inside the circle of radius r 0 .
An alternative approach to determine the mass is to utilize the Komar formula [2] . Ref. [29] showed the first law dM = T dS + V dP + ΦdQ holds provided that the relevant quantities are defined as
where the mass
However, the Reverse Isoperimetric Inequality is violated for all Q = 0 and charged BTZ black holes are always superentropic [29] .
To make charged BTZ black holes satisfy the Reverse Isoperimetric Inequality, Ref.
[29] introduced a new thermodynamic parameter R = r 0 associated with the renormalization length scale and a new work term in the first law which is interpreted that a change in the renormalization scale leads to a change in the renormalized mass. Through this treatment, the first law and relevant quantities are changed into
Note that the above treatment retained the standard definition of the thermodynamic volume [29] .
3 Three-dimensional charged BTZ black holes as heat engine
In this section, we would like to define a new kind of heat engine via three-dimensional charged BTZ black holes. Specifically, we will consider a rectangle cycle in the P − V plane (a) Figure 1 . The heat engine cycle considered in this paper just as done in former literatures [14, 16, 17, 24] . The rectangle consists of two isobars and two isochores as shown in Fig.1 , where 1, 2, 3, 4 denote the four corners of the cycle. In this paper, we use the subscripts 1, 2, 3, 4 to denote the relevant quantities evaluated at the four corners respectively. Below we will investigate the efficiency of the heat engine from two different perspectives. On the one hand, if we insist that dM = T dS + V dP + ΦdQ and define the relevant thermodynamic volume as Eq. (2.6), we can derive the relation among S, T , V as
from which the specific heat at constant volume can be obtained as
It can be seen clearly that the specific heat C V = 0 since it shares the same factor in its numerator with the denominator of the temperature. So the heat flow along the isochores does not equal to zero. And the isochores are not adiabatic. This case is quite different from those heat engines discussed in the former literatures [14, 16, 17, 24] whose isochores and adiabats are identical. If one just follows the procedure in the former literatures to calculate the efficiency and ignore this subtle difference, he will certainly make a mistake. Detailed discussions on this issue will be presented in the Discussion Section. On the other hand, if one retains the standard definition of the thermodynamic volume by introducing a new thermodynamic parameter R = r 0 associated with the renormalization length scale as reviewed in Sec.2, the situation is much simpler. From Eqs. (2.4) and (2.11), one can soon draw the conclusion that C V = 0 which makes the isochores and adiabats identical. Utilizing Eqs. (2.3) and (2.4), the specific heat at constant pressure can be obtained as
By integrating the expression of C P from T 1 to T 2 , one can obtain the heat input
The work along the cycle can be calculated as
where S is the function of T and P . From Eqs. (2.3) and (2.4), S can be expressed as
Unlike the cases in former literature, the analytic form of S(T, P ) can be obtained here, enabling us to fortunately derive the exact expression of heat engine efficiency for charged BTZ black holes. That is
Note that in the above calculation, we have follow the scheme where (T 1 , T 2 , P 1 , P 4 ) is specified as operating parameters in the heat engine cycle. Similarly, if one follow another scheme where (T 2 , T 4 , V 2 , V 4 ) is specified as operating parameters, one can derive the corresponding input heat Q H , the work W and the efficiency η as
To examine whether the results for the above two schemes are correct, one can double check with the exact formula proposed in Ref. [24] , which reads
where M 1 , M 2 , M 3 , M 4 denote the mass of the black hole evaluated at the four corners of the cycle respectively and we use the subscript "f " to denote the heat engine efficiency derived from the exact formula. Substituting Eq. (2.10) into Eq. (3.12) and utilizing Eq. (2.4), one can obtain
For both the schemes that (T 1 , T 2 , P 1 , P 4 ) and (T 2 , T 4 , V 2 , V 4 ) are specified as operating parameters respectively, it can be examined that the results of Eq. (3.13) which utilize the exact efficiency formula agree with Eqs. (3.7) and (3.11). Moreover, we are curious about how the efficiency of our heat engine varies from the rectangle cycle considered here to Carnot cycle. The well-known Carnot cycle consists of two isotherm and two adiabats. The engine expands along an isotherm and an adiabat, then contracts along an isotherm and uses an adiabat to close the path. The Carnot efficiency reads
where T H , T C denote the temperatures for the two isotherms respectively. For our heat engine, one can choose T H = T 2 , T C = T 4. Then the leading term in Eq. (3.7) can be derived as
When Q = 0, or the term 8 √ πV T is large enough that the Q 2 term can be omitted, Eq. (3.15) approaches 16) which extends the result of Ref. [19] to three-dimensional spacetime.
Discussions
In this section, we would like to have a few comments on the two competing thermodynamic approaches introduced in [29] from the perspective of the heat engine efficiency. As shown in Sec.3, the heat engine efficiency of charged BTZ black holes exactly matches the general formula proposed in Ref. [24] if one retains the standard definition of the thermodynamic volume by introducing a new thermodynamic parameter R = r 0 associated with the renormalization length scale. However, the situation will be more complicated if we insist that dM = T dS + V dP + ΦdQ and define the relevant thermodynamic quantities as Eqs. (2.6)-(2.8). Some qualitative discussion will be presented below.
From Eqs. (2.4) and (2.6), one can easily obtain 4S 2 > πV . So Eq. (3.2) suggests that C V < 0, implying that the isochores are not adiabatic.
Utilizing Eqs. (2.4), (2.6) and (3.1), one can conclude that the temperature T increases with P when V is fixed. Then we can draw the conclusion that T 1 > T 4 , T 2 > T 3 for the cycle considered in Fig.1 . So the heat engine absorbs heat during the process 2 → 3 and releases heat during the process 4 → 1. And the efficiency should be calculated as
Utilizing Eqs. (2.4) and (2.6), the work W ′ can be obtained as
Since the definitions of the temperature, the thermodynamic pressure and the entropy are the same for both thermodynamic approaches, Eqs. (3.3), (3.4) and (3.6) also hold for the case here. Then we have
The heat engine efficiency can also be derived from the exact formula [24] as 
From Eqs. (4.1), (4.3) and (4.6), it is not difficult to deduce that
This result suggests that the thermodynamic approach with Eqs. (2.6)-(2.8) does not agree with the general formula proposed in Ref. [24] . From this point of view, the heat engine efficiency discussed in this paper may serve as a criterion to discriminate the two thermodynamic approaches introduced in [29] and our result seems to support the approach which introduces a new thermodynamic parameter R = r 0 .
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We define a new kind of heat engine via three-dimensional charged BTZ black holes. Specifically, we consider a rectangle cycle in the P − V plane and investigate the efficiency of the heat engine from two different perspectives. As shown in this paper, the three-dimensional charged BTZ black hole spacetime is quite subtle and needs to be more careful. This situation occurs if we insist that dM = T dS + V dP + ΦdQ and define the corresponding thermodynamic volume. Along the isochores the heat flow does not equal to zero since the specific heat C V = 0. This point differs from those heat engines discussed in the former literatures [14, 16, 17, 24] whose isochores and adiabats are identical. So one cannot simply follow the procedure in the former literatures to calculate the efficiency. On the other hand, if one introduces a new thermodynamic parameter R = r 0 associated with the renormalization length scale, one can retain the standard definition of the thermodynamic volume and the isochores and adiabats become identical. We follow two schemes that (T 1 , T 2 , P 1 , P 4 ) and (T 2 , T 4 , V 2 , V 4 ) are specified as operating parameters respectively in the heat engine cycle. We obtain the analytic expression of the threedimensional charged BTZ black hole heat engine for both schemes. Moreover, we double check with the exact formula proposed in Ref. [24] . It is shown that the results we obtain for the two schemes are in accordance with those utilizing the exact efficiency formula, thus providing the first specific example for the sound correctness of the exact efficiency formula. We argue that the three-dimensional charged BTZ black hole can be viewed as a toy model for further investigation of the properties of heat engine. Furthermore, we compare our result with that of the Carnot cycle and extend the result of Ref. [19] to three-dimensional spacetime. In this sense, the result in this paper would be complementary to those obtained in four-dimensional spacetime [14] or ever higher [19] .
Last but not the least, the heat engine efficiency discussed in this paper may serve as a criterion to discriminate the two thermodynamic approaches introduced in Ref. [29] and our result seems to support the approach which introduces a new thermodynamic parameter R = r 0 .
